We study the computational complexity o f t wo popular problems in multiple sequence alignment: multiple alignment with SP-score and multiple tree alignment. It is shown that the rst problem is NP-complete and the second is MAX SNP-hard. The complexity of tree alignment with a given phylogeny is also considered.
Introduction.
Multiple sequence alignment is one of the most important and challenging problems in computational biology 16, 1 7 ] . It plays an essential role in two related areas of molecular biology: nding highly conserved subregions among a set of biological sequences, and inferring the evolutionary history of some species from their associated sequences. A huge number of papers have been written on e ective and e cient methods for constructing multiple sequence alignment. For a comprehensive survey, s e e 7 , 2 7 ] .
Many s c o r e s c hemes have been suggested to measure the quality o f a m ultiple alignment. Among them, SP-score s e e m s t o b e v ery sensible and has received a lot of attention 3, 6, 24] . (Here, SP stands for sum of all pairs.) The best algorithm to compute an optimal alignment under SP measure is based on dynamic programming and requires a running time which is in the order of the product of the lengths of input strings 1]. Gus eld rst proposed a Project was partially supported by N S E R C Research Grant OGP0046613.
polynomial-time approximation algorithm for this problem that achieves ratio 2 ; 2 k on k input sequences (i.e., the algorithm always produces an alignment whose value is at most 2; 2 k times the optimum) 11, 12] . Pevzner improved Gus eld's algorithm to obtain a ratio of 2; 3 k 20]. Recently Bafna and Pevzner pushed the ratio to 2; l k 4] f o r a n y x e d l. H o wever, it was not known if multiple alignment with SP-score is NP-hard 20]. Here we s h o w that this problem (actually, the decision version of it) is NP-complete.
The construction of an optimal evolutionary tree from a given set of sequences can also be viewe d a s a t y p e o f m ultiple sequence alignment, called multiple tree alignment or, simply, tree alignment. Foulds and Graham proved that a variant of tree alignment, where the distance between two sequences is de ned as Hamming distance, is NP-complete 9]. Recently, S w eedyk and Warnow proved that tree alignment is NP-complete 26]. Several approximate methods have been proposed in the literature 13, 14, 2 2 , 2 3 ]. Gus eld showed that a minimum-cost spanning tree of the input sequences has a cost that is at most twice the cost of an optimal evolutionary tree 11, 1 2 ] . An interesting question is whether one can nd e cient algorithms with approximation ratio better that 2. It is easy to see that the recent results of Zelikovsky, and Berman and Ramaiyer on approximation of Steiner minimal trees imply that tree alignment can be approximated within a factor of 1:747 in polynomial time 5, 29] . But can we make the approximation ratio arbitrarily close to 1? In this paper, we will answer this negatively by showing that tree alignment is MAX SNP-hard. The concept of MAX SNP-hardness was introduced by P apadimitriou and Yannakakis for the study of non-approximability of NP-complete problems 19]. Combining with the result in 2], our result implies that tree alignment d o e s n o t h a ve a polynomial-time approximation scheme (PTAS). (A problem has a PTAS if for every xed > 0, it can be approximated with ratio 1 + in polynomial time.) In other words, the approximation ratio can not arbitrarily approach 1 .
An important v ariant of tree alignment i s t h a t w e are not only given the sequences of some species, but also the phylogenetic structure (i.e., the tree structure). Although the problem seems easier, the algorithms proposed in 1, 1 4 , 2 3 ] all run in exponential time in the worst case and again it was not known if this problem is NP-hard. Among the many possible phylogenetic structures, binary tree and star are the most common ones 1, 23]. We will prove that tree alignment with a given phylogeny is NP-complete even when the phylogeny is a binary tree. Furthermore, the problem is MAX SNP-hard if the phylogeny is a star. In contrast, when the given phylogeny is a binary tree, tree alignment i s not MAX SNP-hard, for we h a ve shown in a companion paper that it has a PTAS 28].
Basic De nitions.
A sequence is a string over some alphabet . For DNA sequences, the alphabet contains four letters A C G, a n d T representing four distinct nucleotides, and for protein sequences, contains 20 letters, each represents a unique amino acid. under some given score scheme s. There are several popular score schemes for amino acids and for nucleotides 15, 2 5 ] . A standard assumption about a score scheme s is that it satis es triangle inequality, i.e., for any three letters x, y, a n d z, s(x z) s(x y)+s(y z). An optimal alignment of two sequences is one that minimizes the value over all possible alignments. The edit distance between two sequences is de ned as the minimum alignment v alue of the two sequences.
The concept of an alignment can be easily extended to more than 2 sequences. . The cost of an edge is the edit distance between the two sequences associated with the ends of the edge. The cost c(T X Y ) of the tree T X Y is the total cost of all edges in T X Y . G i v en sequences X, the optimal evolutionary tree or multiple tree alignment or, simply, tree alignment problem is to nd a set of sequences Y as well as an evolutionary tree T X Y for X which minimizes c(T X Y ) o ver possible sets Y and trees T X Y .
Sometimes one might require that the given sequences of the extant species be only associated with the leaves in the evolutionary tree 8]. In this case, our result in Theorem 5 still holds. An important v ariant of tree alignment i s t h a t w e are not only given the sequences of some species, but also the phylogenetic structure (i.e., the tree structure). More precisely, w e are given a set X of k sequences and a tree structure with k leaves, each of them is associated with a unique sequence in X. Then we w ould like to nd the hypothetical sequences Y and assign them to the internal nodes of the given tree so that the total cost is minimized 21]. We will refer to this problem as tree alignment with a given phylogeny.
3 NP-completeness of Multiple Alignment with SP-score.
In this section, we p r o ve that the following decision version of multiple sequence alignment with SP-score is NP-complete. Proof. Obviously, m ultiple sequence alignment i s i n N P . W e reduce the shortest common supersequence problem to multiple alignment with SP-score. Given a set S of sequences over alphabet f0 1g, and a positive i n teger m, w e construct a collection of sets X = fX i j ji j 0 i + j = mg, w h e r e X i j = S f a i b j g and a and b are two new letters. Here we c a n assume that each sequence in S has length at most m. The score scheme is shown in Table  1 . Clearly the score scheme satis es triangle inequality. The positive i n teger c is de ned as c = ( k ; 1)jjSjj + ( 2 k + 1 ) m, where jjSjj is the total length of all sequences in S.
To show that multiple alignment with SP-score is NP-hard, it is su cient t o s h o w that:
S has a supersequence s of length m if and only if some X i j has an alignment w i t h v alue at most c. Table 2 , which also satis es triangle inequality. Seven types of edges may appear in a restricted evolutionary tree. Their costs are:
1. c(1 n 0 i ) = 1 .
2. c(1 n 0 i j ) = 2 . To see that condition (2) of L-reduction also holds, we need the following claim. Proof Proof. By Lemma 3, it su ces to show t h a t g i v en an evolutionary tree T for X with cost c, where X is the same as in the proof of Lemma 3, there is a polynomial-time algorithm to construct a restricted evolutionary tree for X and Y = f1 n g f 0 i j1 i ng, with cost c or less. Observe that here X has the \triangle-free" property, i.e., X does not simultaneously contain the sequences 0 i j , 0 i k , and 0 j k for any i j k. W e will give a method to modify the tree T so that every sequence not in X is of form 1 n or 0 i . A sequence that is not in X or of form 1 n or 0 i is a bad sequence and a node that is associated with a bad sequence is a bad node. T w o sequences 0 i j and 0 k l are adjacent if fi jg \ f k lg 6 = . Note that, as we h a ve seen before, two a d j a c e n t sequences 0 i j and 0 i k can be connected through the sequence 0 i using two edges, each costing 1.
For convenience, we m a k e without loss of generality a few assumptions about T. H e r e we view T as a rooted tree. We can assume that each edge in the tree T has cost 1. This is because we can delete any edge of cost 2 or more, nd two adjacent sequences 0 i j and 0 i k , one from each disconnected component, and reconnect them through 0 i . Since X is constructed from a connected graph G, s u c h adjacent sequences always exist. Note that, this implies that all the sequences in the tree are of length n, because the score between and other letters is 2. Moreover, we can assume that every bad node in T has two or more children. Otherwise, we can delete bad node and reconnect the two disconnected components as above without increasing the cost. Lastly, w e assume that each n o d e i n T is labeled by a unique sequence.
We will delete the bad nodes in T iteratively from the bottom to the top. extra cost. Then we can link 0 k to s 4 with cost 1, and delete s 2 which reduces the cost by 1 . Therefore, we can gradually remove all the bad nodes from T. This completes the proof.
.
Tree Alignment with a Given Phylogeny
In this section, we study the complexity of tree alignment when the phylogenetic tree structure is given. Two important structures are considered: binary tree and star.
Theorem 6 It is NP-complete to construct an optimal evolutionary tree even when the given phylogeny is a binary tree.
Proof. The reduction is again from the shortest common supersequence problem. Let S = fs 1 s 2 : : : s k g be a set of sequences f0 1g. N o w, we construct a binary tree T as in Figure 6 (a), where each T i is a subtree shown in Figure 6 (b). Every leaf in T is associated The score scheme is de ned in Table 3 , which again satis es triangle inequality.
Let M = P k i=1 2m ; j s i j. W e will show that there is a common supersequence s with jsj = m if and only if there is an evolutionary tree with cost M.
(only if) Assume that there is a supersequence s with jsj = m. T o obtain the desired evolutionary tree, we assign sequence s to every x i and u i , i = 1 : : : k .
(if) Suppose that there exists an assignment of sequences to the internal nodes of T such that the cost of the resulting evolutionary tree is M. For each i, let t i be the sequence assigned to x i . F or any n o d e v in T, let T(v) denote the subtree rooted at v. First observe that, because of the triangle inequality, for each i the optimal cost of T(x i ) is at least the edit distance between the sequences at the nodes y i and z i , which i s 2 m ; j s i j. Hence, the cost of T(x i ) in this evolutionary tree is exactly 2m ; j s i j. Since all the edges between (x i u i ) and (u i u i+1 ) m ust cost 0, t 1 = : : : = t k . The sequences b m and a m assigned to z 1 and z k force t i not to contain any a or b. Hence, in order for T(x i ) t o a c hieve score 2m ; j s i j, the sequence t i must be a supersequence of s i and jt i j = m. Therefore, we h a ve a common supersequence for S with length m.
Note that, most de nitions of phylogenetic trees require that the nodes in the tree be labeled with distinct sequences. In this case, Theorem refbinary.hard still holds. We c a n modify the above proof by identifying nodes x k and u k in the phylogeny, and adding a su x w i to each y i and z i , where w k = (1) k (01) k and w i = ( 1 ) k (11) k;i;1 10(01) i for any 1 i < k . Therefore, in the optimal alignment, each x i = sw i , and each u i = s(1) k (11) k;i (01) i for 1 i < k and x k = sw k .
To p r o ve the MAX SNP-hardness of tree alignment when the given phylogeny is a star, we begin with the Max Cut-B problem.
Max Cut-B: Given a graph G = ( V E) with degree bounded by B, nd a partition of V which divides V into disjoint s e t s V 0 and V 1 such that the number of edges that go from V 0 to V 1 is the largest.
Max Cut-B is shown to be MAX SNP-complete in 19]. Now, we c a n p r o ve our last result. Theorem 7 It is MAX SNP-hard t o c onstruct an optimal evolutionary tree when the given phylog e n y i s a s t a r .
Proof. The reduction is from Max Cut-B. Let G = ( V E) be a graph with degree bounded by constant k, where E = fv 1 The score scheme is given in Table 4 . Note that the scores do not satisfy triangle inequality.
The phylogeny is a star (i.e., a tree with only one internal node) with jXj leaves, each i s associated with a sequence in X. First, we show that the internal sequence in an optimal evolutionary tree for X should be in the form k+1 (#x k+1 # k+1 )(#x k+1 # k+1 ) (#x k+1 # k+1 )
where there are n blocks of x k+1 , each is either 0 k+1 or 1 k+1 . This is due to the following reasons.
1. The sequences in X 1 = fa i (# k+1 #) n ji = 0 1 : : : 5n(k + 1 ) g force the internal sequence to contain exactly n #'s and no $. Otherwise, the 5n(k + 1) sequences in X 1 contribute a cost of 5n(k +1 ) 2k = 1 0 k(k + 1 ) n or more. However, if the internal sequence is in the form (#1 k+1 # k+1 ) n , the total cost of the tree is less than 5k 2 n + 6 kn < 10k(k + 1 ) n.
(See the analysis below.)
2. The sequences in X 2 = fa i (#b k+1 #) n ji = 1 2 : : : 3kg force the internal sequence to contain none of 0 1 bat positions between the 2i-th # and (2i + 1)-th #. Otherwise, the existence of such letter would make the 3k sequences in X 2 contribute an extra cost of 3k, while the contribution from the sequences in X 0 decreases by a t m o s t k + 1 and the contribution from the sequences in X 3 decreases by a t m o s t k. T h us, we can always delete such letters without increasing the total cost.
3. The score scheme allows us to delete an a from the internal sequence without increasing the cost. where there are n blocks of x k+1 , the i-th block i s 1 k+1 if v i is in V 1 , and 0 k+1 otherwise. In this case, the sequences in X 1 contributes no cost. Each sequence in X 2 contributes a cost of (k + 1 ) n and thus X 2 totally contributes 3k(k + 1 ) n. Each sequence in X 3 contributes a cost of 2k and totally X 3 contributes 2k 2 $0***#1***#1111#0000#0***#1***$ $0***#1***#1111#0000#0***#1***$ s_i ****#1111#****#1111#****#0000#**** ****#0000#****#0000#****#1111#**** int. seq. Recall that the optimal c is at least jEj=2. Since the degree of G is bounded, condition (1) of L-reduction holds.
By the same argument, it is not hard to show that, given an evolutionary tree for X with cost c 0 = 5 k 2 n + 5 kn+ 2 jEj ; 2c, w e can easily construct a partition of G which cuts c edges, by looking at the 0=1 assignment to the x-blocks in the internal sequence. Thus, condition (2) of L-reduction also holds (with = 1 =2).
6 Concluding Remarks.
It remains an interesting open question if the score scheme in the above proof can be made to satisfy triangle inequality. If so, then the result in 28] that tree alignment with a given binary phylogeny h a s a P T AS implies that the degree of the tree makes a di erence in the approximability of the problem.
